We analyse theoretically the influence of inelastic processes on coherent excited states of a superconductor generated by the application of microwaves. These states were identified recently [Phys. Rev. Lett. 117, 047002 (2016)] as the source of resonance frequency shift in microwave superconducting micro-resonators at low temperatures where the quasiparticle density is negligible. As a convenient model we use a thin dirty superconducting strip in contact with a diffuse normal metallic reservoir through an opaque tunnel junction and calculate analytically both the spectral functions and the non-equilibrium distribution function in the presence of a monochromatic microwave signal. We demonstrate that in the quantum mode of depairing, when the frequency of the microwave signal is much larger than the normalised signal amplitude, but much less than the modulus of a superconductor order parameter, the change of the kinetic inductance is determined primarily by the change of the spectral functions. We propose an experimental system to measure the spectral functions as well as the non-equilibrium distribution function using a non-invasive tunnel-junction on a microwave-driven superconducting wire.
I. INTRODUCTION
In recent years there has been an increased interest in using conventional superconductors such as aluminum exposed to a microwave field, for example in quantum computation 1 , parametric amplifiers 2 , and in particular for astronomical detection with microwave kinetic inductance detectors 3, 4 It is also at the heart of measurements of the Higgs mode in superconductors [5] [6] [7] [8] . The experiments are carried out far below the critical temperature of the superconductor, where few quasi-particles are present and the properties in response to the microwave field are dominated by the superconducting condensate. It was demonstrated recently by Semenov et al 9 that the microwave field has a depairing effect on the superconductor, which differs qualitatively from the depairing effect by a dc current [10] [11] [12] [13] . In the case of depairing by an rf current, the density of states loses the sharp peak at the gap energy and acquires features at photon points ∆ ± n ω 0 , where ∆ is a modulus of a superconductor order parameter and ω 0 is the signal frequency. These features in the density of states are a manifestation of Floquet states which inevitably exist in any system, exposed to a periodic field 14 . It was also shown 9 that the density of states develops an exponential-like tail in the sub-gap region. Both phenomena are in strong contrast to the well-known case of depairing by a dc current [11] [12] [13] , where the density of states is rounded in a featureless way and a finite spectral gap is maintained with no states in the sub-gap region. It was demonstrated that the studied effect is responsible for the observed shift of the resonant frequency of an Al superconducting resonator with microwave power, reported by De Visser et al 15 . In the present article we expand the previous work 9 by addressing how the 'microwave-dressed' spectral functions of the superconductor, the 'coherent excited states', are effected by inelastic scattering processes. The latter not only provide channel of energy relaxation, but they also modifies the spectral properties, and both effects have to accounted for on equal footing. We are interested in predictions relevant for practical use for microwave kinetic inductance detectors and kinetic inductance parametric amplifiers. Therefore, we do not con- sider the effect of a dc current as discussed by Moor et al 5 in relation to the experimental study of the Higgs mode. For the inelastic processes we consider the simplest model, in a form of tunneling to a diffuse metallic reservoir, as introduced by Melnikov and Kopnin 16 . For this model, we confirm the results of our previous work 9 for the shift of the order parameter and the kinetic inductance under the action of microwave radiation. We also present a design for an experiment to evaluate the predictions experimentally.
II. MICROSCOPIC THEORY
The model is represented schematically in Fig. 1 . A dirty superconductor is coupled to microwave radiation and, via electron tunneling, to a large normal reservoir. This system can be realized, for instance, as a thin superconducting strip on top of a normal metal, with an insulating interlayer between them. To allow uniform induced current inside the superconductor, the thickness and width of the superconducting strip should to be much less than the relevant penetration depth.
In our analysis we use the well-established theory of nonequilibrium superconductivity [17] [18] [19] . In this approach the spectral properties and the quasiparticle distribution function of the dirty superconducting strip irradiated by microwave signal are described by the following Usadel equation for the matrix Green's functionG =G(t 1 , t 2 ) written in Keldysh-Numbu space:
together with the normalization condition
In Eq. (1)∆ is the superconducting order parameter matrix, e is the electron charge, A = A 0 cos(ω 0 t) the time-dependent vector potential of the incoming monochromatic microwave radiation, D is the diffusion coefficient, andτ 3 is the third Pauli matrix in KeldyshNambu space. The circle • means the convolution:
− is the commutator. The Keldysh component of the self-energy Σ inel describes the relaxation of the excited quasiparticles of the superconductor, and the retarded component describes the smearing of its spectral functions compared to the unperturbed BCS case. In this approach the selfenergy has the form 16 :
where Γ t is the tunneling energy andG res is the Green's function of the normal reservoir. We restrict ourselves to the parameter regime of small intensities of microwave field and to frequencies smaller than the energy gap ∆:
with the parameter α the normalized intensity of the microwave: α = e 2 DA 2 0 . We consider an arbitrary ratio of the parameters ω 0 and Γ t . The inequalities of Eq.(4) impose the same restriction on α, ω 0 and ∆ as we used previously in 9 , which means that the conditions for the 'quantum mode of depairing' are fulfilled 20 . In the following calculations we focus on the case of low temperature
Within these assumptions, one can demonstrate 9 , that to first order in α/ ω 0 the matrix Eqs. 1 and 2 lead to a closed set of equations for zero-frequency Fourier harmonics of the stationary Green's functions:
with
and the kinetic equation for the quasiparticle distribution function:
with the collision integrals
in which f L and f L,res are the stationary longitudinal components [17] [18] [19] of the distribution functions of quasiparticles in the superconductor and in the metallic reservoir, respectively. The effect of the microwave photons is given by:
R (more details on the derivation of this electron-photon collision integral can be found in 21 ). Here, the Green's functions depend only on energy:G ≡G(E) andG ± =G(E ± ), E ± = E ± ω 0 .
In the derivation of Eqs. (5) and (10) from Eqs. (1),(2) we use the well-known [17] [18] [19] connection between matrices in KeldyshG and NambuĜ spaces: 
The equations (5), (7), (10) should be solved, together with the self-consistency equation of the usual form:
with ω D the Debye frequency, and λ the electron-phonon coupling constant. Since we are interested in effects in the first nonvanishing order in α (which corresponds to small-signal limit and agrees with Eq. (4)), it can be used as a small parameter, and we exploit the linear expansion for the Green's functions:G =G 0 + δG =G 0 + ∂ αG 0 α. The upper case index "0" in the stationary Green's function G 0 means that this Green's function is considered in the absence of microwave radiation. Linearization of the Eqs. 5,7,10 and 11 makes it possible to obtain analytical expressions for the dependence of the spectral properties and the distribution function of the superconductor on the irradiation by microwaves. For the spectral functions Eq. (5) we find:
which is to be solved together with the linearized normalization condition Eq. (10):
Here, G R,0 and F R,0 are the solutions of the retarded Usadel equation Eq. (5) without the rf-drive, Π = 0:
with ∆ 0 the stationary order parameter in the absence of the rf-signal. In the limit of Γ t → 0 the unperturbed Green's functions in Eqs. (14), (15) reduce to the standard BCS relations [17] [18] [19] . The finite Γ t describes the broadening of the superconductor spectral functions due to the tunneling into the normal reservoir 22 . The solution of the linearized Eqs. (12) and (13) has the form:
and
The partial derivatives are given by
Eq. (16) expresses the linear change of the Green's functions δF R , δG R under the influence of the microwave radiation as a sum of two terms: the one, proportional to the normalized signal amplitude α, and the other, proportional to the variation of the order parameter δ∆.
Since the change in the order parameter is determined in part by the nonequilibrium function of the quasiparticles, we first determine this quantity from the kinetic equation, Eq. (7). In the low-temperature
L± are unequal to zero only in the small energy interval − ω 0 < E < ω 0 , where
Hence, the electron-photon collision integral (9) can be simplified to
. Then the solution of the kinetic equation (7) has the following form:
Note that, with the chosen model of relaxation, Eq. (3), the quantity which characterizes the strength of the inelastic interaction, Γ t , drops out of the answer. The reason is that both collision integrals in the kinetic equation (7) are proportional to Γ t , not only I res , as follows from Eq. (9), but also I phot . For the latter, this dependence arises because of ℜG 0 E ≪ ∆ 0 ∝ Γ t . The linearization of the self-consistency equation (11), leads to the following relation for the small correction of the order parameter δ∆:
The first term in Eq. (21) δ F ∆ (Eq. (22)) describes the change of the order parameter ∆ due to the change of the spectral function F R . The second term δ fL ∆ (Eq. (23)) describes the change of the order parameter ∆ due to the change of the distribution function f L .
Substituting into Eqs. (22) and (23) the formulas for (17) and ∂ α f L|∆=∆ 0 Eq. (20) makes it possible to calculate these corrections analytically. Taking into account that the resulting integrand for δ F ∆ is analytical in the upper half-part of the complex plane and decays faster than 1/E at infinity, we replace the integration over the real semi-axis E ∈ (0, +∞) to the integration over the imaginary semi-axis iE ∈ (0, +i∞) and obtain, after dropping terms of nonzero order in Γ t /∆ 0 and ω 0 /∆ 0 :
The correction of ∆ due to the changes of f L turns out to be small:
and can be neglected compared to δ F ∆. Finally, we obtain:
The change in the distribution function δf L , given by Eqs. (19) , (20) has a minor effect on δ∆ because δf L is nonzero only in a small energy interval E ∈ (− ω 0 , ω 0 ), where ℜF 0 is small. This result will most likely be reproduced in any reasonable alternative model for inelastic scattering, as long as the condition (4) holds 20 .
III. EXPERIMENTAL OBSERVABLES
One of the experimentally accessible quantities, which is determined by the change in spectral properties and/or the distribution function, is the complex conductivity σ at frequency ω given by:
with σ N = e 2 N 0 D/ being the conductivity of the wire in the normal state, N 0 the density of states at the Fermi level. The imaginary part of the conductivity, measurable through the kinetic inductance L k , is given by the relationship: L k = 1/ωℑσ. Equation (27) is the generalization of the Mattis-Bardeen relation 24 for the case of not only non-equilibrium distribution functions, as was done by Catalani et al 25 , but also for changed spectral functions. For low frequencies ω ≪ ∆ 0 , the equation for the imaginary part of the conductivity, Eq. (27), reduces to
The unperturbed value of ℑσ(ω ≪ ∆/ ) is given by
which is a form of the well-known relation between kinetic inductance and normal resistance 3, 26 . The small correction to the kinetic inductance at low frequencies, ω 0 ≪ ∆ 0 , i.e. the case of microwave radiation on commonly used superconductors, we can present it as the sum of two terms:
in which the first term describes the change of the kinetic inductance due to the change of the spectral and distribution functions under the influence of the microwave field:
whereas the second term describes the change of the kinetic inductance due to change of the order parameter ∆:
Because of (29) the second term, Eq.
0 and is given by Eq. (26) . The first term, Eq. (31), is evaluated using the Eq. (28) for the imaginary part of the conductivity:
(33) The second integral in this equation, which describes the contribution due to the change of the distribution function, is negligible for the same reason as the analogous contribution to δ∆ in Eq. (21) . The first integral in Eq. (33) can be evaluated analytically in a way analogous to the one used for to Eq. (22), taking into account the Eqs. (15) and (17) and by replacing E to iE:
(34) Substituting this in the first term of Eq. (33), we obtain
and, finally,
This correction to the kinetic inductance, Eq. (36), as well as the correction to the order parameter δ∆/∆ 0 (Eq. 26)) agree with the values found in the previous numerical calculation 9 , despite the qualitative difference between the unperturbed Green's functions, as well as the corrections to them in the presence of microwave field δF R and δG R . In our view this agreement has the following reason. The corrections to ∆ and L k , as well as to other quantities which are calculated as integrals of some spectral functions in infinite or semi-infinite limits (and hence are not sensitive to the value of Γ t ) are expected to be the same if calculated in both models, despite of the fact that the linearization procedure presented in this article requires α ≪ Γ t , whereas the derivations in Ref.
9 correspond to the opposite limit: Γ t ≪ α. This indicates that introduction of Γ t in the Eq. (5) can be considered, formally, as a trick which allows the linearization with respect to the ratio α/∆ 0 . It shifts the poles of the Green's functions aside of the real axis and removes singularities, which would block the linearization.
There is one more (and more deep) consequence of the mentioned independence of this type of integral quantities on the exact position of the poles. In the final formulas, not only Γ t but also ω 0 do not matter, i.e. one can safely replace E ± ω 0 by E. Noting that the same replacement (and Γ t → +0) in the retarded Usadel equation turns it into the form of the equation for the dc case, with the depairing parameter Γ = 2α, one sees that the corrections to these integral quantities should be equal in the rf case with the on in the dc case. Actually, the results Eq. (26) . Physically, this means that the time-averaged quantities are sensitive only to the averaged kinetic energy contained in the supercurrent (the condensate of Cooper pairs), but not to the frequency of its oscillations. We like to stress that this equivalence between the dc-and the rf-cases does not hold for the integral quantities, which depend not only on spectral but also on the distribution functions, like, for instance, the real part of the conductivity or the differential conductance of an NIS tunnel-junction. The inequality k B T ≪ ω 0 make these latter quantities sensitive to the exact position of the poles at E ± ω 0 .
IV. APPLICATION TO KINETIC INDUCTANCE PARAMETRIC AMPLIFIERS
Before we propose an experiment to test the theoretical predictions, we discuss briefly the applicability of our results to the theoretical analysis of kinetic inductance traveling-wave parametric amplifiers 2 . Typically, these devices, exploiting the nonlinearity of the kinetic inductance induced by a strong supercurrent, have to work under the condition α ≪ ω 0 . The amplitude of the su-percurrent does not exceed I c /3, hence the ratio α/∆ ∼ = 0.014(I/I c ) 2 ≈ 10 −3 , which, for ∆/h ∼ = 300 GHz (NbTiN or NbN) and ω 0 /h ∼ = 1 GHz, yields α/ω 0 /h ∼ = 0.3, and for ω 0 /h ∼ = 10 GHz yields α/ω 0 /h ∼ = 0.03 (see, for instance Refs.
2 , 27 and 28 ). At the same time, the simplified model used to describe their operation assumes that the kinetic inductance is altered as if the current were dc 2 , i.e. is valid for the opposite case. Hence, the simplified model has to be corrected or confirmed with the use of the theory developed in Ref.
9 and the present one. To describe the parametric interaction between two weak signals in a transmission line, resonator, or lumped element, of which the kinetic inductance is modulated by a strong pump, one has to know two quantities: the nonlinear correction to the time-averaged admittance or kinetic inductance, which is given by the formula (36), and the 'cross-frequency' admittance L cross , which is the coefficient between the current at the frequency ω and the field at frequency 2ω 0 − ω (with ω 0 the frequency of the pump). To find the latter, one needs the components of the spectral functions oscillating at the frequencies ±2ω 0 . This calculation is beyond the scope of the present paper. Here, we just note that in the case of low frequencies ( ω 0 ≪ α), where the dc-case equations are valid, the relationship L cross = δL k /2 holds 2 . For the rf-case, which is of interest here, we expect that L cross depends only on α but not on ω 0 , at least as long as ω 0 ≪ ∆ 0 . Hence, the answer should be L cross = const × α/∆ 0 = const × δL k , which can differ from the prediction of the theory based on the dc-case quantitatively, but not qualitatively.
V. PROPOSED EXPERIMENT
The theory developed above focuses on two quantities, the spectral properties such as the density of states, and the non-equilibrium distribution function. Therefore, in principle, it is important to design an experiment, which will be able to determine unequivocally the nature of these properties. Here, we propose an experiment in which the microwave-driven superconducting properties are measured with a tunnel junction. It is well known that tunnel junctions are very suitable to determine the density-of-states as well as the Fermi distribution function of the superconductor. However, the challenge is to design an experiment in which only one of the electrodes is driven by the microwave field and not the other electrode. In addition, one wants to avoid that in the measurement by the tunnel-current the tunnel-process is modified by photon-assisted tunnelling (PAT) 29 . This problem has plagued early experiments by Kommers and Clarke 30 and has led to some early solutions by Hortsman and Wolter 31, 32 . The experimental challenge is to avoid or minimize a microwave field across the tunnelbarrier, using the present-day fabrication technology and design tools. Fig. 2(a)-(c) shows our proposed experiment, which takes these considerations into account.
Our proposed circuit can be divided into two parts which are shown in black and grey in Fig. 2 . The black layer is a superconductor, for instance aluminum, patterned as indicated in the figure. The grey layer is made of a normal conducting metal, for instance copper. The dashed blue box in Fig. 2(a) indicates the region where a normal metal-insulator-superconductor (NIS) tunnel junction is formed between the black and grey metals. This region is shown in more detail in Fig. 2(b) . The NIS tunnel junction is formed at the overlap of the black superconducting wire with width W ′ = 1 µm, thickness t = 20 nm, and the grey wire with width W ′′ = 1 µm. The latter normal metal wire has a total length of l = 21 µm and acts as an inductance, just large enough, L ≈ 15 pH, to block the microwave currents I x (ν) to the NIS junction. Through this we prevent that they propagate into the junction and couple into the measurement circuitry attached to it. This signal blockage works well in combination with an effectively shorted wire (black layer) on which the junction is patterned, explained in more detail in the following paragraph. At the same time the length of normal metal wire that connects to the NIS junction is short enough to avoid a relevant series resistance, which gets added to the overall junction tunnel resistance. For a copper wire of the chosen dimensions with a common thin film resistivity of ρ 0 = 0.4 µΩcm 33 one expects about 0.02 Ω of series resistance. The NIS junction tunnel resistance should, therefore, have a value much larger than this series resistance, which is compatible with an opaque tunnel-barrier to probe the superconducting properties. The NIS tunnel junction is connected to three measurement terminals, labeled 1 to 3 in the figure. They make it possible to probe the dc tunneling curve of the NIS junction, while the states in the superconducting wire with width W ′ underneath the tunnel junction can be probed. Although in our device proposal the NIS tunnel junction has an area of 1 µm 2 , a smaller tunnel junction will equally suffice to perform the experiment and will only insignificantly modify the circuit functionality. Therefore, our design is compatible with the established tri-layer and angleevaporation junction fabrication techniques that can realize junctions of different sizes.
Terminal 1 is connected to a radio-frequency (rf) generator and is used to excite a transversal electromagnetic (TEM) wave on a coplanar waveguide (CPW) transmission line up to frequencies of 60 GHz. The CPW is designed to have a characteristic impedance of Z c = 50 Ω, which we achieve by the CPW dimensions of S = 8 µm and W = 11 µm on top of a 275 µm thick silicon wafer, ignoring a natural silicon oxide layer of about 1 nm. The CPW is terminated as a short circuit by the superconducting wire with width W ′ at the position of the NIS junction. The short circuit results in a maximum and homogeneous rf current I x (ω 0 ) in the wire and drives the superconducting ground state in the wire at a particular frequency, ω 0 , and with a certain rf current magnitude which can be adjusted at the rf generator. We find by modeling our circuit in CST 34 that at the junction tunnel barrier a magnetic and an electrical field is established due to the rf driving, as sketched schematically in Fig. 2(c) . We designed the circuit in such a way to minimize primarily the electrical field component E z , established across the junction and which would lead to unwanted PAT currents. If too large in magnitude, the PAT currents would overwhelm the features due to the coherently excited density-of-states, created on purpose by to rf drive from terminal 1. For a rf drive power of -20 dBm at terminal 1, we find that the rf-current which goes through the superconducting wire at the position of the tunnel junction will create a magnetic field of B y , B z < 1 G at the tunnel barrier. Hence, it will only slightly disturb the superconducting ground-state that we want to study. For the same drive power we expect additionally the build-up of an electrical (stray) field E z across the junction which in average will amount to 4.5 V/m, leading to a parasitic voltage drop of only 4.5 nV across the junction for a tunnel barrier of 1 nm thickness. Dependent on the differential resistance of the NIS junction under the rf drive of the order of several 100 Ω, this will cause only a negligible parasitic tunnel current. The magnetic and electrical field values are determined for an excitation frequency of ω 0 /2π = 15 GHz, but will only slightly change for the other frequencies. Although not specified in the figure, we envision to connect the rf generator through a circulator or a directional coupler to terminal 1. This way we prevent the build-up of a standing wave due to the reflection of the TEM wave at the wire terminating the CPW.
A second rf generator can be connected to terminal 2 and could be employed to excite a quasi-TEM wave on a coplanar strip (CPS) transmission line which is connected from the right side to the NIS junction. One part of the CPS transmission line connects to the Spart and the other part connects to the N-part of the NIS junction, hence, an rf-current is driven on purpose through the junction leading to a controlled PAT current. This allows to disentangle possible PAT features which might be introduced by exciting the circuit from terminal 1 and which might disturb the density-of-states and distribution function measurements. The coplanar strip transmission line has a characteristic impedance equal to Z c = 50 Ω, which we achieve by the dimensions S ′′′ = 3 µm and W ′′′ = 7 µm. We suggest to use a normal metal for the part of the CPS which connects to the N-part of the NIS junction in order to prevent that the proximity effect modifies the density-of-states in the NIS junction. Similar to the rf excitation from terminal 1, we also suggest to connect the rf generator at terminal 2 through a circulator or a directional coupler.
Finally, terminal 3 realizes the dc-bias or low-frequency part of the circuit to voltage bias the NIS junction or to apply a low frequency bias modulation for lock-in measurements of the differential resistance. The latter measurement yields a convolution of the density-of-states with the distribution function of the two NIS junction electrodes, which are both unknown, but should be disentangled by a proper analysis of the measurements obtained for different drive powers. For the same reason we propose to use an asymmetric NIS junction for the deconvolution procedure. Also, because of the applied voltage to the NIS junction, we suggest to use DC-blocks at the terminals 1 and 2 to protect the rf generators.
To fully characterize our device proposal, we need to quantify also the isolation of the three terminals from each other when an rf excitation is applied to them. We find in our circuit simulation reasonable isolation values of < −20 dB for S 21 , S 31 , S 12 and S 32 and for the operation frequency band 2-60 GHz. Therefore we believe that by using the currently available technology the theoretical predictions can very well be tested experimentally.
VI. CONCLUSIONS
In summary, we describe theoretically the influence of inelastic processes on coherent excited states of a superconductor 9 . We considered the case of a thin dirty superconducting strip in tunnel contact with a diffuse normal metallic reservoir, representing relaxation to occur in a tunnel manner 16 . We have calculated analytically the spectral functions as well as the nonequilibrium distribution function in the presence of a monochromatic microwave signal. We have demonstrate that when the conditions of the 'quantum mode of depairing' together with the conditions of Eq. (4) are fulfilled, the change of the kinetic inductance of such a superconducting strip is determined primarily by the change of its spectral functions, and not by the distribution function, which confirms the previously published results 9 . We have discussed the implications for kinetic inductance traveling wave parametric amplifiers and presented a full design of an experiment, within reach of present day technology.
